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Abstract 

By an wi-tree we mean a tree of power uoi and height uoi. We call an wi-tree 
a Jech-Kunen tree if it has K-many branches for some k strictly between uoi 
and 2*^1 . In this paper we construct the models of CH plus 2^'^ > a;2, in which 
there are Jech-Kunen trees and there are no Kurepa trees. 

An partially ordered set, or poset for short, (T, <t) is called a tree if for every 
t & T the set {s G r : s <t t} is well-ordered under <t- The order type of that set 
is called the height of t in T, denoted by htT{t). We will not distinguish a tree from 
its base set. For every ordinal a, let Tq, the a-th level of T, = {t G T : htxit) = a} 
and T \ a = lJ/3<a^/3- Let ht(T), the height of T, is the smallest ordinal a such that 
Tq, = 0. By a branch of T we mean a linearly ordered subset of T which intersects 
every nonempty level of T. Let B{T) be the set of all branches of T. T' is called a 
subtree of T if T' C T and <t'=<t ClT' x T' (T' inherits the order of T). 

T is called an c^i-tree if |T| = ui and ht{T) = uji. An uji-tiee T is called a 
Kurepa tree if |i3(T)| > ui and for every a G loi, |Tq,| < uji. An cji-tree is called a 
Jech-Kunen tree if ui < \B{T)\ < 2'^\ 

The independence of the existence of Kurepa trees was proved by J. H. Silver (see 
[K2, §3 of Chapter VIII]). T. Jech in [Jel] constructed by forcing a model of CH 
plus 2^^ > 0J2i in which there is a Jech-Kunen tree. In fact, it is a Kurepa tree with 
fewer than 2'^i-many branches. The independence of the existence of Jech-Kunen 
trees under CH plus 2^^ > uj2 was given by K. Kunen [Kl]. In his paper he gave 
an equivalent form of Jech-Kunen trees in terms of compact Hausdorff spaces. The 
detailed proof can be found in [Ju, Theorem 4.8]. 

In both Silver and Kunen's proofs, the existence of a strongly inaccessible cardinal 
was assumed (the assumption is also necessary). The technique they used to kill all 
Kurepa trees or Jech-Kunen trees is to show that if an cui-tree T has a new branch 
in an oji-closed forcing extension, then T must have a subtree which is isomorphic 
to (2^'^i, C), a complete binary tree of height ui. So in Kunen's model not only all 
Jech-Kunen trees are killed, but also all Kurepa trees are killed. 

R. Jin in [Jil] started discussing the differences between Kurepa trees and Jech- 
Kunen trees. He showed that it is independent of CH plus 2^^ > U2 that there 
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exists a Kurepa tree which has no Jech-Kunen subtrees. He also showed that it is 
independent of CH plus 2'^^ > UJ2 that there exists a Jech-Kunen tree which has no 
Kurepa subtrees. In his proofs some strongly inaccessible cardinals were assumed and 
later, Kunen eliminated the large cardinal assumption for one of the proofs. 

In [Ji2] Jin proved that assuming the existence of two inaccessible cardinals, it 
is consistent with CH plus 2'^^ > 002 that there exist Kurepa trees and there are no 
Jech-Kunen trees. 

The problem whether CH plus 2'^^ > uj2 is consistent with that there exist Jech- 
Kunen trees and there are no Kurepa trees, was posed in [Ji2]. We will answer the 
question in this paper by assuming naturally the existence of a strongly inaccessible 
cardinal. 

Before proving our results we need more notations and definitions. 
A tree T is called normal if, 

(1) every t & T has at least two immediate successors, 

(2) for every t & T and an ordinal a such that htTif) < a < ht{T), there exists 
t' e Ta such that t Krt'. 

A tree C — {cg : s & 2^'^} is called a Cantor tree if the map s 1-^ is an 
isomorphism from (2^*^, C) to C . For convenience we assume, from now on, that 
every tree considered in this paper is a subtree of (2^"^^ C) with the unique root 0. 
By that way we can define the least upper bound of an increasing sequence in a tree 
by taking its union. Let lim(a;i) be the set of all limit ordinals in uji. Let T be a tree 
and 5 e lim(a;i). A subtree C of T is called cofinal in T f 5 if for every B e B(C), 
the set {htrit) : t G B} is cofinal in 5. T is called complete at level 5 if for every 
B G B{T \ S), [j B E Ts. T is called properly pruned at level 6 if for every Cantor 
subtree (7 = {c^ : s G 2^'^} of T which is cofinal in T \ 6, there exist /, 51 G 2^^ such 

that UnGo) Cfin^Ts and U„eu; Cgln^T^ 

Let S C lim(a;i). A tree is called .S-properly pruned if for every a G lim(a;i), 
a ^ S implies that T is complete at level a, and a & S implies that T is properly 
pruned at level a. 

Let / be an index set and T be a tree. For every F G T^, let supt{F), the support 
of F, be the set {i e I : F{i) ^ 0}. Let F, G G Define F 4 G iS for every i G /, 
F(i) < G{i). We call F e uniform at 5 for some 5 G a;i if for every i G supt{F), 
htT{F{i)) = 5. Let C = {F, : s G 2<^} C be a Cantor tree (under 4). C is 
called uniformly cofinal in (T |~ 6)^ for some 5 G o^i if for every s G 2^'^, there is a 
6s < S such that F, is uniform at 6^ and for every i G Use2<^' -'^'iJ'Pt{Fs) , the subtree 
{Fg{i) : s G 2^'^} of T is cofinal in T \ 6. We use _L for the word "incompatible". For 
example, for any s,t G 2^^, s L t means slji is not a function. For any F,G e T^, 
we call that F and G are completely incompatible if for any i G supt{F) and any 
j G supt{C), F{i) ± G{j) (F(i) and C{j) have no common upper bound in T). 
Now C is called separated if for any s,s' G 2^^, s _L s' implies that Fg and Fgi are 
completely incompatible. 
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Let T be a tree and S e lim(a;i). We call that T is properly pruned in countable 
products at level S if for every Cantor tree C = {Fg : s G 2'^^} C , which is 
separated and uniformly cofinal in (T \ 6)'^, there exist /, (? G 2'^ such that for every i G 
U„g^ supt{Ff^n), UnGc^ Ff^n{{) G Ts and for every i G [Jn&c, supt{Fg^n), U„ec^ Fg^n{i) ^ 
Ts. 

Let S C lim(a'i). A tree is called S'-properly pruned in countable products if for 
every a G lim(a;i), a ^ S implies that T is complete at level a, and a & S implies 
that T is properly pruned in countable products at level a. 

Lemma 1 Let T be a tree and I be an index set. For any Cantor tree C — {Fs : 
s G 2^^^} C T^, if C is separated, then for any f,g & 2'^, f ^ g implies that 
{[Jneu:Ffin{i))iei and {[jneuj Fg\n{'i))iei are completely incompatible. 

Proof: Let i G Unew supt{Ff^n) and j G Uneo) ^up^^Fgin)- Let m G a; such that i G 
supt{Ffim), j e supt{Fgi^) and f\my^ g\m. Then [jnea; ^/rn(0 and Unea; -^stnO') 
are compatible implies that Ffim{i) and are compatible, a contradiction. □ 

Lemma 2 (CH). For any S C lim(a;i), there exists a normal Ui-tree which is S- 
properly pruned in countable products. 

Proof: We construct Ts C 2^ recursively on S < cui and T — \Js<oji Ts will be the 
tree we want. 

Case 1. 5 = /? + 1 for some P G iVi. 
Let Ts = {f{l) ■.teTfs,l = 0, 1}. 

Case 2. 6 E lim(a'i) xS". 
Let Ts = {[j B : B e B{T\6)}. 

Case 3. S & S. 

Let C be the set of all Cantor trees which are separated and uniformly cofinal 
in (T \ S)^. By CH we have that \C\ < {cu'^)'^ = cui. Let C = {C" : a G Ui} 
be an enumeration, where C" = {F^ : s G 2^'^}. We now want to find a set 
X C {\JB : B e B{T \ 6)} such that for every a e cui, there are f,g e2'^ such that 

{[J Fnn{^:ieu;}CX[jm 

and 

If X is found, we let Ts = X. 

We now build X^ and Ky recursively such that, 

(1) Xj and Yj are countable, 

(2) 7 < 7' < a;i imphes that X^ C Xy and Yj CYy, 
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(3) Xjf]Yy — $ for every 7 e wi, 

(4) for every 7 G Wi, there exist f,g & 2'^ such that {Unew ^f\ni^) '■ i ^ Q -^7+1 
and {{Jneu. Fj^ni^ : i E u} C Y^+i. 

Let Xq = Yq = 0. Let = U/3<7^/3 and = U/3<7^/3 if 7 e Um(a;i). For 
7 + 1, since and Y^ are countable and is separated, by Lemma 1, there exist 
/,^e 2'^,/7^^suchthat 

(^7 U y.) n({ U ^7rn(^) : ^ e a;} U{ U ^;rn(^) : ^ e c^}) = 0. 

Hence let 

x,+i = x,U{ U ^7rnW : ^ e U s«pt(F7rn)} 

and 

Then X = U7ewi -^7 is the set we want. □ 

Lemma 3 Let S C lim(c<;i). T is S -properly pruned in countable products implies 
that T is S -properly pruned. 

Proof: If C = {cs : s G 2^^} C T is a Cantor tree which is cofinal in T \ 6 for 
some 6 E S, then the Cantor tree D = {Fg : s G 2^'^} C T'^, where -Fs(O) = and 
^^(i) = for every i 7^ 0, is separated and uniformly cofinal in (T \ S)'^. □ 

Lemma 4 Let S C lim(a;i) and T be S-properly pruned in countable products. Let 
C = {Fg : s G 2^'^} be a separated and uniformly cofinal Cantor subtree in (T \ 6)'^ 
for some 6 E S. Then there are uncountably many / G 2"^ such that for every 
supt{Ffin), Uneu, Ff inii) E Tg. 

Proof: Suppose that the lemma is not true. Then we can find a Cantor subtree C" = 
{F^' : s E 2<'^} C C such that for every / G 2^^, there exists i E u, Unec^ ■^/rn(^) ^ ^s- 
Since C is a subtree of C, C" itself is also separated and uniformly cofinal in (T \ 6)'^. 
That contradicts the definition of the S'-properly prunedness in countable products. 
□ 

Next we shall use the forcing method to construct desired models. For the termi- 
nology and basic facts of forcing, see [K2] and [Je2]. We always assume the consistency 
of ZFU and let M be always a countable transitive model of ZFU. In the forcing ar- 
guments, we always let a be a name of a if a is not in the ground model. For every 
element a in the ground model, we will not distinguish a from its canonical name. 

Let /, J be two sets. Let 

Fn{I, J, ui) — {p : p C. I X J is a function and |p| < coi} 
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be a poset ordered by reverse inclusion. Let / be a subset of a cardinal k. Let 

Lv{I,uJi) = 

{p : p C (/ X ui) X «; is a function, \p\ < loi and \/{a,(3) e dora{p){p{a, (3) e a)} 
be a poset ordered by reverse inclusion. Let T be a tree and / be an index set. Let 

F{T,I,uJi) ^{F : F eT^ and \supt{F)\ < cui}. 

The order of P(T, /,a;i) is defined as the reverse order of , or F <p(t,7,u)i) G iff 
G4F. 

Lemma 5 Let T be a normal Ui-tree and I be an index set. For anyp, q G P(T, /, c^i), 
there exist p', q' e P(T, /, ui) such that p' < p and q' < q, p', q' are uniform at 6 for 
some 5 e Ui, and p' is completely incompatible with q'. 

Proof: Let a G cJi be large enough so that p,q E {T \ a)^ {a exists because p, q both 
have countable supports). Let 6 > ahe countable such that for every i G supt{p) 

\{teTs:p{{) <T t}\ >u, 

and for every j G supt{q) 

\{teTs:q{j) <T t}\>cu. 
5 exists because T is normal. Let 

supt{p) = {in : n G a;} 

and 

supt{q) = {jn : n G (j}. 
We now define p'{in) and q'{jn) such that 

) > P{in), q'iin) > q{jn), p' {in) ^ q {jn) 

and 

P'{in),q'{jn) ^ {P'{im),q'{jm) : 171 < n} . 

Let p'{i) = if i ^ supt{p) and let q'{j) = if j ^ supt{q). Then p' and q' are the 
desired elements. □ 

Let P be a poset and D C P. D is called dense in P if for every p G P there is 
d E D such that d < p. D is called open in P if for every p G P and d E D, p < d 
implies that p E D. P is called a;i-Baire if for any countable sequence {D^ : n E cu) 
of dense open subsets of P, flneo; -^n is dense in P. 
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Lemma 6 In M let F be a poset which is Ui-Baire. Let G he a ¥ -generic filter over 
M. Then fl M[G] C M. 

Proof: Let h e M[G] be a function from uj to ^4, where A e M. We work in M 
and let p e G such that 

p ||- (/j is a function from uj to A). 

For every n e a;, let 

D„ = {g e P : g _L p or 3a e A{q \\- h{n) = a)}. 
Then is dense open in P. Let p e Clneuj -^n such that p < p. Then 

/z, = {{n, a) e CO X A:p\\- h{n) = a} e M. 

□ 

Lemma 7 Lei 5 C lim(a;i) and T he an Ui-tree which is S -properly pruned in 
countahle products. Then for any index set I, the poset P(T, /, uji) is u>i~Baire. 

Proof: For each n & u, let D„ be a dense open subset of P(T, /, cui). Let p e 
F{T,I,ui). We now construct Ps G ¥{T,I,uJi) for every s e 2^^ inductively on the 
length of s such that, 

(1) Po < P, 

(2) sCtiSpt<Ps, 

(3) there is an increasing sequence (5„ : n e a;) of countable ordinals such that for 

every s G 2"^, ps is uniform at (5„. 

(4) for every s G 2^'^, Ps'{o) and Ps'{i} are completely incompatible, 

(5) for every s G 2", p^ G -D„. 

Assume that we have already had Ps for every s G 2^". 

Let s G 2"~^ and G such that g'^ < Ps- Let 1 — 0,1. By Lemma 5, there are 
gf < g* such that and g^ are completely incompatible. Let 

Sn = [j{htT{qt{t)) : ^ G /, s G 2"-\ / = 0, 1} + 1. 

Sn is countable because the support of every gf is countable. Let Ps~(i) G P(r, /,a;i) 
such that Ps'(i) < qf and all Ps'{i) are uniform at Ps-{i) G -D„ because Ps'{i) < g^. 
Let /' = U. £2<w supt{ps). Then /' is countable. 

Cr/' = fer/':sG2<-} 

is now a Cantor tree in T^\ which is separated by (4) and uniformly cofinal in {T \ S)^\ 
where 5 — Unew ^n- Since T is .S-properly pruned in countable products, there exists 
/ G 2^^ such that for every i G /', \JneujPf\n{i) G Ts\J{^}. 
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Let pf e P(r,/,a;i) defined by letting 
and 

Pf\I\l' = $. 

Then pj G P(T, /,ci;i) and pf < pf\n for every n & cu. So pj < p and pf G Cln&u! ^n- 
□ 

Theorem 8 Assume the existence of a strongly inaccessible cardinal. It is consistent 
with CH plus 2^'^ > UJ2 that there exists a Jech-Kunen tree and there are no Kurepa 
trees. 

Proof: Let M be a model of OCH plus that there is a strongly inaccessible cardinal 
K. In M, let T be an a;i-tree which is lim(t(;i)-properly pruned in countable products 
and let ji and A be two regular cardinals such that k < ji < \. Again in M let 
Pi = Lv{k,oji), P2 =P(r,/u,a;i) and P3 = Fn(A,2,a;i). Let G = d x G2 x Gg be a 
Pi X P2 X Ps-generic filter over M. We will show that M[G] is a model of CH plus 
^ _ 21^1 > ^ > ^2 = in which there are no Kurepa tree and T is a Jech-Kunen 
tree with ^-many branches. 

Claim 8.1. n M[G\ C M. 

Proof of Claim 8.1: We first force with P2. By Lemma 6 and Lemma 7, P2 
is a;i-Baire and forcing with P2 will not add any new countable sequences. Hence 
Pi X P3 is still a;i-closed in M[G2\- Then forcing with Pi x P3 will also not add any 
new countable sequences because it is a;i-closed. 

Claim 8.2. Pi x P2 x P3 has the k-c.c. 
Proof of Claim 8.2: Let 

{(/>a,ga,ra) :«<«:} CPi XP2 XP3. 

By the A-system lemma, we can assume that the domains of all Pa-, the domains of 
all Qa and the domains of all form three A-systems with roots Ai, A2 and A3 
respectively. Since there are less than /v-many p's in Pi with domains = Ai, there 
are a;i-many ^'s in P2 with domains = A2, and there are a;i-many r's in P3 with 
domains = A3, then there exist cci and a2 in k such that 

Pai \ Ai = Pa2 \ Ai, \ A2 = \ ^2 and \ A3 = r„2 \ A3. 

Obviously {Pai,qai,rai) and (Paz, fe^ '^^2) are compatible. 

Remark: By Claim 8.1 and Claim 8.2, u>i and all the cardinals greater than or equal 
to K in M are preserved and CH is true in M[G] . In M[G], k — UJ2 because forcing 
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with Pi collepses all the cardinals between ui and n in M. Also in M[G], 2'^^ = A 
because forcing with P3 adds A-many subsets of uji. 

Claim 8.3. There are no Kurepa trees in M[G']. 

Proof of Claim 8.3: Suppose that is not true. Let K he a normal Kurepa tree 
in M[G]. Since \K\ = tui, there are 6 < k, I Q /j, with |/| < ui and J C A with 
I J| < cui such that 

K e M[G'] = M[G[ X G"2 X G'^], 



where 



and 
Let 



and 



G[^G,f]Lv{e,u^), 
G', = G2C]nT,I,uji), 
G'^^Gsf]Fn{J,2,u;i) 

G' = G[ xG'^x G'^. 

G'[ = Gif]Lv{K^e,uJi), 

G'i^G3f]Fn{\^J,2,u;i) 

-(// /^// r^ii ^, r^ii 



G" = G'[ X Gl X G^. 
Since M[G'] |= 2'^i < there exists 

heB{K){^M[G] \M[G']. 

Furthermore 

h ^ M[G'\[G'i\[G'i\ 

because Lv{n ~\9,uji) and Fn{\ -\J^2,u;i) are a;i-closed in M[G']. We now work in 
M[G'][G'[\[G'^] and let p e G'^ such that 

p |h (6 G B{K)f]M[G] ^M[G'][G'im)- 

We construct 

C = {p, :se2<'^}CP(T,/x\/,a;i) 

and 

D^{ks:se 2<'^} C K 

such that, 

(1) s C s' iff ps' < Ps iff ks < kgi-i 



8 



(2) C is separated and uniformly cofinal in (T for some 5 £ lim(a;i), 

(3) D is cofinal m K \ 5' for some 5' e lim(a;i), 

(4) for every s e 2<'^, \\- e b. 

Assume that we have already had Ps and kg for all s e 2<". Let 

S'^ = [j{htK{h):se2<^} + l 

and pick s G 2"-\ Let / = 0, 1. 
First find p'g < Ps such that 

pU^ b ^ M[G'][G'l][G'[\, 

there exist < p'^ and xi > x > kg such that Xq -L and \\- xi E b. By Lemma 
5, we can extend qf to rf such that rf are uniform at ccg < a;i and Tq is completely 
incompatible with rf. Let 

5n = U{"s : s e T-'} + 1, 

Ps~{i) be an extension of rf such that supt{ps'{i)) — supt{rf) and p^-^;) be uniform at 
Sn- This ends the construction. 

Let 5 = [Jneuj^n, — Unew^n ^' — Us€2<'^ ^W^iPs) ■ Then /' is countable. 
Since T is lim(ciJi) -properly pruned in countable products and C f /' is a Cantor tree 
which is separated and uniformly cofinal in (T \ 6)^ , then there are uncountably many 
f E 2^ such that pj defined by letting 

P/W = U Pf\n{i) 

for every i G /' is a lower bound of {pf\n : ?t. G ct;} in F {T , fi^, Ui) . (Note that C is 
in M because no new countable sequences are added.) For every such / there exists 
kf E Ky such that pf \r kf G b and for different /, /c/ are different. That contradicts 
that AT is a Kurepa tree. 

Claim 8.4. M[G] h {\B{T) \ = y). 

Proof of Claim 8.4: |'B(T)| > // is trivial because forcing with P2 adds at least 
^-many new branches of T. Since in M[G'i][G'2], 2^^ = fi, then we need only to show 
that forcing with P3 will not add any new branches of T. 

Suppose that is not true and let 6 be a branch of T, which is in M[G] \M[Gi][G2]- 
We now work in M[G'i][G'2] and let p E G3 such that 

p\hbe B{T) fl M[G] \ Mid] [G2] . 
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We can then easily construct C ^ {p^ : s e 2<'^} C Pg and D ^ {ts : s e 2<^} C T 
such that, 

(1) s C s' iff < Ps iff ts < ts', 

(2) D is a Cantor tree which is cofinal in T \ 6 for some 6 G lim(c<;i), 

(3) for every s e 2<'*', p^ \\- tg e b. 

Since T is hm(c<;i)-propcrly pruned by Lemma 3, there exists g E 2^ such that 
UnGw tg\n ^Tg. But P3 is a;i-closed in M[Gi] [G2] because no new countable sequences 
have been added. Hence there exists pf G P3 such that Pg < Pg\n for every n & u. 
This implies that there exists t & Ts such that pf \\- t & b. Hence 

* ^ U ^ ^'5' 

a contradiction. □ 

In the model constructed above, there is only one Jech-Kunen tree. Next we will 
build a model of CH plus 2'^^ > a;2, in which there are no Kurepa trees and there are 
many Jech-Kunen trees with different numbers of branches. 

Theorem 9 Assume the existence of a strongly inaccessible cardinal. It is consistent 
with CH plus 2'^! > CU2 that there are no Kurepa trees and there are Jech-Kunen trees 
for aeuji such that a a' implies |B(T")| ^ |B(r"')|. 

Proof: Let M be a model of QCH and that there exists a strongly inaccessible 
cardinal k. In M, let 

r = ■ oi e ivi} c [k, A) 

be a set of different regular cardinals, where A is also a regular cardinal. Again in M, 
let {S'a : a G a;i} be a partition of lim(c<;i) such that every 5*0, is a stationary, and 
let be an Wi-tree which is S'^-properly pruned in countable products for every 
a G Ui. In M, let Pi = Lv{k,,u!i), P2 be the product of {P(r", /Iq,, cui) : a G Ui} with 
countable supports, and P3 = Fn{X, 2, ui). Let G = Gi x G2 x G3 be a Pi x P2 x P3- 
generic filter over M. Then M[G] is the model we are looking for. 

Claim 9.1. M'^ fl M[G] C M. 

Claim 9.2. Pi x P2 x P3 has the ac-c.c. 
Claim 9.3. There arc no Kurepa trees in M[G]. 

All the proofs of above three claims arc similar to the proofs of corresponding 
claims in Theorem 8. By Claim 9.1 and Claim 9.2, Ui and all the cardinals greater 
than or equal to k are preserved. Besides, forcing with Pi collapses all the cardinals 
between uji and k. So in M[G], CH is true, n — 002 < X — 2'^^ and {fj,a '■ oc G uJi\ C 
[k, A) is still a set of different cardinals. 

Claim 9.4. M[G] ^ (|B(r")| = Ha) for every a G ux. 
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Proof of Claim 9.4: Pick an a G uJi. Let = P(T",^„,wi) and P^" be the 
product of {P(T'^, /i/3, oJi) : (3 & uji \{q:}} with countable supports. Then P2 = 
P^ X P^". Let p e P2. We let 

SUPr{p) = {a e (Ji : supt{p{a)) ^ 0}. 

Notice the differences between supt and Sf/PT. We call an element p G P2 " uniform 
at 7 for some 7 G cui if for every /3 G I^FT{p), p{P) is uniform at 7. 

Subclaim 9.4.1. Forcing with P2 " will not add any new branches to T". 
Proof of Subclaim 9.4.1: Let 6*2 = x G^" C P^ x P2 Suppose that Subclaim 
1 is not true and let 6 be a branch of shch that 

beM[G,][G2] \M[Gi][G^]. 

We now work in MfdlfG^] and let p G G's'' such that 

p|h6Gi3(r")\M[Gi][G^]. 

Wc construct recursively a normal subtree T' of T"^ with every level countable, and a 
subset C = {pt:te T'} of P2 ° such that, 

(1) for every 6 E Ui there is 75 such that Tg C T^, 

(2) if 5 G lim(a;i), then 75 = U/3<5 7/3, 

(3) P0 < p, and for any t, t' E T', t < t' iff pf < pt, 

(4) for every t G T^, there is 7', 75 < 7' < 75+1 such that pf is uniform at 7', 

(5) if t G T^' for some 5 G lim(ciJi), then pt is imiform at htxait) = 7^, 

(6) t _L t' implies that Pt{/3) and Pt'{/3) are completely incompatible for every 

/?GSWT(p,)n5[ZPr(piO, 

(7) for every t E T', pt \\- t E b. 

Assume that we have already had T' \ 5 and C \ 5 — {pt : t E T' \ 5}. 

Case 1. 5 = 7 + 1 for some 7 G tui. 

Pick t E T!^ and let Z = 0, 1. 

Since 

there exist ti E T°',ti > t and < pt such that 

to J- ti and ql \\- ti E b. 

Without loss of generahty we can pick ti such that htr^iti) — 5' for every t eT!^ and 
/ = 0, 1, where 

5' > [J{7" : Pt is uniform at 7" for some t E T'^}. 
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Besides, we can require that qK/S) and q{{P) arc uniform and are completely incom- 
patible for every t e and /3 G fl Let 7' e ui such that 7' > 6' 
and 

7' > [J {7" : Qi is uniform at 7" for some t eT^^ and / = 0, 1}. 
Let T'^ = {ti : t G T^, / = 0, 1} and let p^^ < ql such that is uniform at 7'. 
Case 2. 5 G lim(a;i). 

First 75 can't be in Sa because otherwise every for (3 E uJi \{«} is complete 
at level 75. But in M[Gi][G2]) is still properly pruned at level 75 because forcing 
with Pi X P2 adds no new countable sequences, so that there exists B G B{T' \ 5) 
such that B has no upper bound in T". On the other hand, {pt : t G B} has a lower 
bound pb in P2 °. Then 

implies that B has an upper bound in T", a contradiction. 

Assume that 75 G S"^ for some (5 ^ a. Since in M[G'i][G2]) is properly pruned 
at level 75, then for every t eT' \b there exists Bi G ;B(r' f S) such that t E Bf and 

(U'gs,Pt'(/?)W>i6/./5 e P(T^//^,u;i)- 

Now every T^' is complete at level 75 for 7^ /3. We can define ps^ G P2"^ by 
letting 

PBAm= u pt'im 

t'eBt 

for every P & cui and i G 

Let Tg — {[j Bt : t E T' \ 5} and let Py^t — PBf This ends the construction. 

Since Sa is stationary and by (2), {75 : 5 G cui} is a club set, then there exists 
S & cui such that 75 G 5*0. But this has been shown impossible. 

Subclaim 9.4.2. Forcing with P3 will not add any new branches to T"^. 
Proof of Subclaim 9.4.2: Similar (but much easier) to the proof of Subclaim 9.4.1. 

By Subclaim 9.4.1 and Subclaim 9.4.2, all the branches of in M[G] are already 
in M[Gi\[G^]. But in M[Gi\[G^] 2'^^ = So \B{T°')\ = fx^- □ 

Concluding remarks. (1) /x, /x^ and A are not necessarily regular. 

(2) In Theorem 9, we can also have larger number of trees. For this we use S^s 
which are only almost disjoint. 

(3) In the proof of Theorem 9, if we do not want to use stationary sets, we can 
force the trees as part of the forcing, and then prove that they are "pruned together" , 
so using the stationary sets simplifies the matter. 

(4) We have used (hm(a;i) \ S')-complete tree T {i. e. every branch oi T \ S for 
S G lim(a;i) \5' has an upper bound in T). Our consideration leads naturally to 5"- 
Kurepa trees. T is called an S'-Kurepa tree if T = Uaewi T{a.), where ht{T{a)) — a, 
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T{a) = U/3<a if « e lim(c<;i) and |T^n{U5 : B e B{T{a))}\ <ujifae S. So 
we may well consider iS-Kurepa and (lim(a'i) \ S')-complete trees. 

(5) The T we build are not only (lim(a;i) xS*) -complete, but also strongly proper 
(see [SI] or/and [S2]). 
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